Abstract: This contribution presents the mathematical model of a capacitive MEMS gyroscope containing specific actuators which are capable of compensating mechanical unbalance (quadrature error) as well as the system response to an external angular rate (force feedback). Based on this model a quadrature controller is systematically designed. In order to eliminate the typically weakly damped open-loop dynamics of the gyroscope additionally a combined concept of closedloop quadrature and force feedback control is introduced. The presented theory is validated by means of both numerical simulations and measurement results utilizing a prototype gyroscope.
INTRODUCTION
Vibratory micro electromechanical gyroscopes are typically driven by a primary oscillator. This primary oscillation is usually excited close to the resonance frequency in order to achieve maximum amplitudes. Similar to many electronic circuits, in particular in information technology, the wanted signals are modulated in a high-frequency carrier signal. Hence, the rate of change of the wanted signals is several orders of magnitude slower than the carrier frequency. In the case of vibratory micro electromechanical gyroscopes an external angular rate causes a secondary oscillation with an amplitude proportional to the angular rate component about the sensitive axis by exploiting the Coriolis effect. The output signal of the sensor (i.e., the angular rate) is obtained by an appropriate demodulation of the secondary oscillation signal. In order to provide a linear sensor behavior and maximum sensitivity, the frequency and amplitude of the primary oscillation have to be controlled. Furthermore, micro electromechanical gyroscopes are subject to large quadrature errors due to limitations in the fabrication process. These quadrature errors are due to a mechanical unbalance, which causes a coupling between the primary and secondary oscillation without the presence of an external angular rate. This quadrature signal can be separated from the angular rate signal after the demodulation of the secondary oscillation. In order to avoid a drift of the output signal, e.g., over temperature, due to demodulation errors the mechanical unbalance has to be actively compensated. Therefore, an additional actuation of the secondary oscillator has to be provided such that a controller can be implemented to suppress the unwanted quadrature signal. Furthermore, in order to increase the bandwidth of the MEMS gyroscope so-called force feedback controllers are utilized to additionally compensate the response to the external angular rate.
In this context, many articles dealing with the control of vibratory gyroscopes can be found in the literature, see, e.g., Bhave et al. (2003) ; Ezekwe and Boser (2008) ; Kuisma et al. (1997) ; Loveday and Rogers (2002) ; Maenaka et al. (1996) . All of the mentioned control loops have in common that the relevant closed-loop dynamics lie within the frequency range of the envelope of the signal rather than in the frequency range of the carrier signal itself. In particular from a system analysis and control design point of view, this motivates to derive a more comprehensive mathematical model which solely captures the essential "slow" dynamics (envelope) of the system as proposed by .
In it is shown how the simplified envelope model can be efficiently used to design open-and closed-loop controllers for an optimized startup strategy of the primary mode and a basic quadrature controller for the secondary mode. In this contribution, a more sophisticated concept for the combined quadrature and force feedback control of the secondary mode will be discussed. Again, the methodology will be exemplarily carried out for a capacitive MEMS gyroscope. The paper is organized as follows: In Sec. 2, the working principle of vibratory gyroscopes is discussed in terms of the specific capacitive device under consideration. Furthermore, a simplified envelope model is given to describe the essential dynamics of the secondary oscillation. Based on this simplified envelope model, Sec. 3 is devoted to the derivation of suitable closed-loop control concepts, on the one hand for solely compensating the inherent mechanical unbalance, and on the other hand for both the unbalance compensation and the force feedback of the angular rate response. Measurement results are presented in Sec. 4. The paper concludes with a short summary.
A CAPACITIVE GYROSCOPE
The micro electromechanical device being considered in this paper is a gyroscope consisting of a plane symmetric silicon structure operating with an in-plane primary mode, excited by capacitive comb actuators, and an out-of-plane secondary mode with capacitive parallel plate sensors. Most capacitive gyroscopes found in the literature are driven by electrostatic comb actuators bringing about the advantage of a high actuating stroke and little required space. They are found in linear oscillating as well as in rotating designs, see, e.g., Alper and Akin (2002) ; Bhave et al. (2003) ; Braxmaier et al. (2003) ; Seshia et al. (2002) . For the same reason, the read-out of the secondary oscillation is preferably also realized by means of comb sensors. Obviously, comb sensors require the secondary mode to be an in-plane oscillation as it is the case for the designs presented by Alper and Akin (2002) ; Braxmaier et al. (2003) and Seshia et al. (2002) . If the secondary mode is an out-of-plane oscillation, parallel plate capacitors are more suitable since the movable electrodes are designed to be parts of the oscillating structure and the corresponding fixed electrodes are directly mounted on the housing of the device, see, e.g., Günthner (2006) .
Within the scope of this work, let us restrict ourselves to one specific design of a capacitive gyroscope as presented in Fig. 1 which is an enhanced version of the gyroscope presented by Günthner (2006) . This design is capable of both compensating the mechanical unbalance and realizing a force feedback. In this section, the working principle of the capacitive gyroscope is explained first and afterwards the appropriate mathematical model for the controller design will be formulated.
Principle of operation
The capacitive gyroscope as depicted in Fig. 1 is an etched, plane silicon structure possessing two axes of symmetry. It consists of a rectangular fixed frame, which is rigidly mounted on the housing of the device, and two movable frames, one on the left and one on the right half of the sensor, which are flexibly connected to the fixed frame via elastic beams, the so-called drive beams. Moreover, two paddles are flexibly connected to each movable frame via torsion beams.
The comb actuators and comb sensors comprise electrodes on the fixed frame and on the corresponding movable frames. The comb actuators allow for a harmonic excitation of the movable frames and the paddles in an antisymmetric in-plane oscillation (primary mode). If an external angular rate Ω is applied to the system, the Coriolis force is coupling to the velocity of the movable frames and paddles causing an out-of-plane motion of these elements (secondary mode). The comb sensors provide the feedback signal for the amplitude control of the primary mode, while the secondary mode is measured by means of four parallel plate capacitors with fixed electrodes placed on the housing above each paddle. Furthermore, there are additional capacitive parallel plate actuators, each consisting of several fixed electrodes placed above the movable frame and the paddles. The mechanical unbalance, which causes a coupling between the primary and the secondary mode, originates from a distortion of the rectangular shaped cross sections of the beam elements, in particular at the drive beams. In the mathematical model provided below this effect will be accounted for by means of beam elements with rhomboid cross sections characterized by the so-called side wall angle, see Merz et al. (2007) . All electrostatic actuators are assumed to be voltage controlled with a desired input voltage, see, e.g., Seeger and Boser (2003) . The electrostatic sensors are realized by means of socalled charge amplifier circuits to convert the capacitance change into a proportional output voltage. These circuits are complemented by appropriate differential amplifiers in order to obtain suitable output signals for the primary and secondary mode.
Mathematical model
In the following, it is assumed that the primary mode is harmonically excited by applying a drive voltage of the form u P = U P,0 + U P,C cos (ω t) to the capacitive comb actuators with U P,0 ≥ U P,C . The excitation frequency ω is chosen close to the eigenfrequency of the primary mode ω 1 in order to achieve maximum amplitudes. As shown in detail by it is reasonable to introduce a so-called envelope model for the harmonically excited and weakly damped resonance structure. Especially for the purpose of system analysis and control design this modeling technique has the advantage of reducing the overall dynamical system to a system with a manageable number of degrees-of-freedom solely describing the essential (slow) dynamics of the corresponding envelopes. For this, the primary and secondary mode are approximated in the form q k = Q k,S sin (ω t) + Q k,C cos (ω t), k = 1, 2 with the Fourier coefficients Q k,S and Q k,C , while the dc-components and higher harmonics are assumed to be negligible.
The design of a suitable control strategy for the primary mode based on envelope models has been discussed in detail by . Here, we will assume that the primary mode is ideally controlled such that q 1 = Q 1,S sin (ω 1 t) with the eigenfrequency ω 1 of the primary mode. Then, the coupling from the secondary to the primary mode can be neglected and the equation of motion of the secondary mode can be written in the form m 2q2 +d 2q2 +k 2 q 2 = f 2 (q 1 , q 2 , u 1 , . . . , u m )+Ωc 21q1 −k 21 q 1
(1) with the inertia, damping and stiffness coefficients m 2 , d 2 and k 2 as well as the coupling coefficients due to the Coriolis force and the unbalance c 21 and k 21 , respectively. The nonlinear input term f 2 depends on the specific design of the additional electrostatic actuators with the control voltages u i , i = 1, . . . , m.
Considering these actuators as parallel plate capacitors with rectangular electrodes, as shown in Fig. 2 for the i-th actuator, it is assumed that the movable electrode possesses two translational degrees-of-freedom, i.e. the displacements x i and z i of the center point aligned with the principal directions of the primary and secondary motion, respectively. Thus, if no other modes are excited the degrees-of-freedom can be written as x i = ±r i q 1 and z i = ∓s i q 2 with the positive constants r i and s i . The capacitance and the potential energy of the i-th actuator is then given by
2) with the dielectric coefficient ε 0 , the gap g i , the width t i , the overlap area A i = t i l i and the overlap length l i in the undeformed configuration, see Fig. 2 . The nonlinear input term in (1) is calculated as
(3) From (2) and (3) it can be seen that, depending on the geometric design of the actuators, the secondary mode can be excited by a nonlinear term f 2 possessing four different algebraic sign permutations.
The specific gyroscope under consideration, see Günthner (2006) , however, is designed such that m = 4 capacitive parallel plate actuators generate an input term of the form
Substituting the input transformation
into (4) and linearizing with respect to q 1 and q 2 about the point q 1 = q 2 = 0 yields an approximation valid for small displacements. If all of the four actuators possess the same gaps g = g i and the geometrical conditions sA = s i A i , r s t = r i s i t i and s 2 A = s 2 i A i for i = 1, . . . , 4 hold (symmetry), the linear approximation is given by
By making use of the approximation (6) the equation of motion (1) can be rewritten as
with the constant coefficients b 2 , k 21,C and k 2,T . It can be seen that the new control inputsũ S ,ũ C andũ T are decoupled withũ S allowing for a harmonic excitation of the secondary mode,ũ C serves for the compensation of the unbalance andũ T allows for the tuning of the stiffness and thus the resonance frequency of the secondary mode.
In view of an ideally controlled primary mode, i.e. the amplitude is controlled to the predefined value Q 1,des and the phase is controlled to −π/2 with the excitation frequency ω = ω 1 , the corresponding envelope model of the secondary mode describing the dynamics of Q 2,S and Q 2,C can be derived according to . If the trimming and compensation inputs from (5) are slowly varying signalsũ T =Ũ T andũ C =Ũ C and the excitation input is a harmonic signal of the form u S =Ũ S,C cos (ω 1 t) the envelope model of the secondary mode can be written as, see 
with the output Y S,j = c 2 Q 2,j , j ∈ {S, C} denoting the Fourier coefficients of the secondary output voltage y S = c 2 q 2 , the damping coefficient and the eigenfrequency of the secondary mode
, respectively and the input coefficients
In order to separate the response due to the external angular rate from the response due to the mechanical unbalance in the output
with the new output Z = [ Z S,R , Z S,Q ] T , is considered. Then, the steady state of the system (8) with the output transformation (9) yields the Fourier coefficients of the transformed output signals Z S,R = S Ω−Γ FŨS,C , Z S,Q = −S Γ M +Γ CŨC (10) with the sensitivity
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In the output Z, the system (8) is stationarily decoupled and the components Z S,R and Z S,Q are denoted as the angular rate and the quadrature signal, respectively. It can be seen from (10) that the mechanical unbalance is compensated for Γ CŨC = −Γ M , achieved by controlling the quadrature signal Z S,Q to zero. The angular rate signal Z S,R either serves as the measurement output of the MEMS gyroscope or is compensated in the form Γ FŨS,C = Ω in the case of force feedback control.
CONTROL DESIGN
Typically, two modes of operation can be distinguished for vibratory MEMS gyroscopes, namely the split mode, if there is a predefined nominal difference between the primary and secondary eigenfrequency, and the matched mode, if the secondary eigenfrequency is controlled to match the primary eigenfrequency, see, e.g., Ayazi et al. (2008) . In Subsec. 3.1 and 3.2, the focus is laid on the derivation of a quadrature controller and a combined quadrature and force feedback controller for a gyroscope designed to operate in the split mode with a constant input U T and thus a constant frequency difference |ω 1 − ω 2 | > 0, respectively.
Quadrature control

Starting point for the following considerations is the envelope model of the secondary mode (8). The corresponding transfer function matrix from the input
11) Considering the stationary decoupling by means of the transformation (9), the behavior of the MIMO system from the input U to the transformed output Z = [ Z S,R , Z S,Q ] T is described by the transfer function matrix
with lim s→0 H 12 (s) = lim s→0 H 21 (s) = 0.
In its simplest form, the control of the secondary mode merely covers the closed-loop control for the unbalance compensation, while the angular rate signal is obtained from the open-loop measurement output of the gyroscope according to (10). Thus, the quadrature controller can be derived for the linear and time-invariant SISO system described by the transfer function H 22 (s). The demands on the closed-loop behavior are a predefined rise time and the exact suppression of a constant mechanical unbalance in the stationary case. The quadrature controller is activated at the time t = t A when it can be assumed that the phase controller is in steady state and thus the demodulation yields proper output signals Z S,R and Z S,Q .
The dynamic behavior of the quadrature controller in the start-up phase is illustrated in Fig. 3(a) . Thereby, the time axis witht = t/t N is normalized to the time t N , which is a predefined value marking the end of the start-up phase. For t ≥ t N the gyroscope is considered to operate in the normal mode providing a reliable measurement output with a predefined accuracy for the externally applied angular rate Ω. Moreover, the angular rate and quadrature signals are normalized in the formZ S,j = Z S,j /Z r , j ∈ {R, Q} with the corresponding response Z r to an angular rate of Ω = 100
• /s. Likewise, the inputŨ C is normalized to the corresponding valueŨ C,r required to compensate an unbalance of Γ M = 100
• /s. The simulated gyroscope possesses an unbalance of Γ M = 1000
• /s.
The dynamic response of the closed-loop system to an input step of the angular rate Ω in terms of the normalized quantitiesZ S,R andZ S,Q is illustrated in Fig. 3(b) . It can be clearly seen that, although the angular rate signalZ S,R and the quadrature signalZ S,Q are stationarily decoupled, they show a strong coupling in the transient phase. Furthermore, due to the considered open-loop measurement of the angular rate the weakly damped system dynamics cannot be influenced in the output signalZ S,R . In order to eliminate these unwanted system characteristics, in the next step a closed-loop force feedback controller comprising a dynamic decoupling of the output signals will be derived.
Combined quadrature and force feedback control
If the output transformation is performed by means of the transfer function matrix
the MIMO system (8) can be dynamically decoupled such that the transfer behavior of the MIMO system (8) from the input U to the transformed output Z is given by the transfer function matrix
with the diagonal components
The constant factor S α 2 /(β 21 c 2 ) in (13) is introduced in order to achieve the stationary solution lim s→0 K 1(2) (s) = lim s→0 H 11(22) (s) = −S Γ F (C) . Now, the design of the quadrature controller from Subsec. 3.1 can be performed on the basis of the linear timeinvariant SISO system K 2 (s) instead of H 22 (s) which is dynamically decoupled from the system K 1 (s). The corresponding simulation results in the normal mode of operation can be found in Fig. 3(b) . Additionally, a force feedback controller can be designed independently for the system K 1 (s) with the following demands on the closedloop behavior. The system should exhibit a predefined rise time and the output signal Z S,R has to be stationarily controlled to zero for a constant angular rate Ω. The closedloop control is again activated at the time t = t A but in this concept, however, the actual measurement output is taken directly from the force feedback control inputŨ S,C . 
(ii) dyn. (ii) dyn. in the normal mode of operation in response to a step input of the external angular rate.
closed-loop system responds to an input step of the external angular rate Ω as depicted in Fig. 4(b) , where an almost perfect decoupling between the angular rate signal Z S,R and the quadrature signalZ S,Q can be observed during the dynamic response. The corresponding force feedback control inputŨ S,C as illustrated in Fig. 4 (b) directly serves as the measurement output of the gyroscope.
In contrast to the basic control concept the combined, dynamically decoupled concept of quadrature and force feedback control allows for actively tuning the closed-loop dynamics of the gyroscope. This advantage can be directly seen by comparing the response of the measurement output in Fig. 3(b) , i.e. the angular rate signal, whose dynamic behavior is inherently given by the open-loop dynamics of the system (the natural damping and eigenfrequency of the secondary mode), with the response of the measurement output in Fig. 4(b) , i.e. the force feedback input signal, which is tuned by the appropriate control design. The combined control concept including force feedback therefore is essential in particular if the natural damping of the secondary mode is small and the necessary bandwidth of the measurement output cannot be achieved in open-loop. However, the drawback of this method, besides the slightly increasing electronic circuit complexity, is that since the necessary force feedback control input is small compared to the compensation input (a factor of approximately 15 for the gyroscope under consideration) the demands on the resolution of the corresponding DACs are increasing.
EXPERIMENTAL VALIDATION
To verify the control concepts introduced in Sec. 3 the corresponding controllers were implemented on a development board consisting of a Field Programmable Gate Array (FPGA) and additional analog circuitry for the actuation and read-out of a prototype capacitive gyroscope with an unbalance of Γ M = 830
The measurement results of the quadrature controller during the start-up phase, illustrated in Fig. 5(a) , as well as the results obtained from the combined quadrature and force feedback controller, illustrated in Fig. 6(a) , show the same excellent behavior as the numerical simulation results presented in Sec. 3. Since it is not feasible to expose the development board to a step-like angular rate, the verification of the stationary and dynamic output transformation was done by measuring the quadrature and angular rate rate signal in response to a step of the compensation input U C . The measurement results, depicted in Fig. 5(b) , show the expected transient coupling between the normalized rate and quadrature signals for the stationary output transformation and a nearly perfect decoupling of the signals for the dynamic output transformation. However, in comparison with the simulation results obtained in Sec. 3 the quadrature signal in Fig. 5(b) is equivalent to the angular rate signal in Fig. 3(b) and vice versa due to the different excitation in terms of the compensation inputŨ C instead of an external angular rate Ω.
The actual closed-loop response of the combined concept with quadrature and force feedback control due to an external angular rate Ω is illustrated in Fig. 6(b) . Here, the angular rate is applied by manually turning the development board. The applied angular rate Ω is measured with a calibrated reference sensor yielding the measurement output Ω r . As can be observed, the normalized compensation (ii) dyn.
(ii) dyn. inputŨ S,C is perfectly tracking the reference Ω r , whereas the angular rate and quadrature signalsZ S,R andZ S,Q , remain decoupled during the complete transition.
SUMMARY
The presented paper illustrates the systematic design of a basic control concept for the unbalance compensation of vibratory MEMS gyroscopes based on so-called envelope models. In order to eliminate the typically weakly damped open-loop dynamics of the gyroscope and the transient coupling between the quadrature and the angular rate signal a combined concept of closed-loop quadrature and force feedback control was introduced. Simulation and measurement results for a prototype gyroscope validate the mathematical models and prove the feasibility of the proposed concepts.
